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Characteristic-Based Treatment of Source Terms
in Euler Equations for Roe Scheme

Rajendran Mohanraj,¤ Yedidia Neumeier,† and Ben T. Zinn‡

Georgia Institute of Technology, Atlanta, Georgia 30332-0150

The modi� cationsrequired to applyRoe’s Riemannsolver to the Euler equationswith source terms are developed
and demonstrated. The generalized quasi-one-dimensional � ow including the effects of friction, secondary mass
addition, and energy addition has been considered. The modi� cations require extensions of the expressions for the
strengths of the characteristic waves. The modi� ed expressions for the wave strengths in Roe’s Riemann solver
are obtained from the theory of characteristics using the compatibility relations that depend on the speci� c source
terms present. It is also shown that appropriate discretization of the source terms is required to obtain the correct
solution. It is demonstrated that the compatibility relations in the presence of source terms can be used to modify
not only Roe’s Riemann solver but also characteristic-based boundary conditions. The validity of the proposed
approach is illustrated by comparing the exact analytical solutions and the numerical solutions with and without
the proposed corrections for two examples involving steady � ow and one involving unsteady � ow.

I. Introduction

R OE’S linearized approximate Riemann solver1 deals with the
solution of the Euler equations for an ideal gas with no source

terms. In this paper, we apply Roe’s solver to problems involving
source terms due to mass and energy addition and to friction. We
focus on the numerical solution of quasi-one-dimensional � ows be-
cause they are often used to investigatethe performanceof complex
engineering systems, e.g., combustors.2 Examples of engineering
problems whose one-dimensional representation deals with source
terms include 1) mass addition at the surface of a burning solid
propellant, 2) mass addition through a porous wall for cooling, and
3) � ow in a supersonic wind tunnel with water vapor condensation.

The use of numerical schemes developed for homogeneous hy-
perbolicconservationlaws in problemsinvolvingsource terms with-
out appropriatelyhandling the source terms can produce erroneous
results.3 ;4 The method by which source terms are incorporated in
the solution in� uences the stability 4;5 of the scheme.Also, the pres-
ence of source terms can alter the total variationdiminishing(TVD)
property6 of the numerical scheme. More information regarding
the treatment of source terms in hyperbolic problems can be ob-
tained from Godlewski and Raviart.7 Toro8 discusses schemes that
solve hyperbolic conservation laws with source terms by splitting
the problem into advection and source term problems.

To date, Roe’s Riemann solver has proven to be particularly ef-
fective in the solution of � ow problems involving steep property
gradients such as encounteredin shock waves. Applicationof Roe’s
Riemann solver to � ows involvingsource terms has not always been
handled properly.9 As discussed by Roe,9 the effect of the source
terms on the wave strengths needs to be considered to avoid spu-
rious results. The manner in which this problem can be handled is
illustratedby Roe9 by consideringonly the effect of area change on
the � ow. In this paper, the effects of mass and heat additions and of
friction on the compatibility relations and, thus, the wave strengths
are studied.

The presence of source terms could be appropriatelyhandled by
using the projectionsof the source terms along the eigenvectors4;10

as suggested by Roe.11 An alternative approach is presented in this
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paper. It modi� es the wave strengths by using the appropriate com-
patibility relations that are valid along the different characteristics
in the presence of source terms. This approach is used because it
is also suitable for characteristic-based treatment of the boundary
conditions, which are also discussed. Finally, this approach also
provides insight into the manner by which the source term modi� es
the physics of the problem.

The presentationstarts in Sec. II with considerationsof the Euler
equations in the presence of source terms, a brief introduction of
Roe’s linearizedRiemann solver, and the issuesinvolvedin account-
ing for the source terms. In Sec. III, Roe’s approach is extended to
provide a general formulation of Roe’s Riemann solver for a quasi-
one-dimensional � ow involving area variation, mass and heat ad-
ditions, and friction. Examples of the application of the developed
formalism are provided in Sec. IV.

II. Source Terms and Roe’s Riemann Solver
for Homogeneous Euler Equations

A. Euler Equations with Source Terms
Figure 1 shows an example of a � ow with secondary mass and

heat additions, area variation, and friction. This � ow is the subject
of the paper. Within the framework of a one-dimensional analysis,
the governingequations for this � ow, e.g., see Refs. 12 and 13, can
be rewritten in the following form:

.AU/t C .AF/x D S .1/

where

U D f½; ½u; egT (2)

F D f½u; ½u2 C p; u.e C p/gT (3)

and the total energy per unit volume e is given by

e D
p

.° ¡ 1/
C

1

2
½u2 .4/

for a perfect gas. The vector S describes the source terms and is
given by

S D d Pms

dx
; p

dA

dx
¡ ½ujuj

2

4 f

De
A C usx

d Pm s

dx
;

½u A
±Q

dx
C Hs

d Pms

dx

T

(5)

where A is the cross-sectionalarea, d Pm s is the secondary mass ad-
dition, f is friction factor, De is the equivalent hydraulic diameter,

417



418 MOHANRAJ, NEUMEIER, AND ZINN

Fig. 1 Schematic of a
quasi-one-dimensional
� ow with secondary mass
addition, heat addition,
area variation, and a fric-
tional force ±F:

±Q is heat addition per unit mass, usx is the x component of the
secondary stream velocity, and Hs is the stagnation enthalpy per
unit mass of the secondary stream. In the derivation of Eq. (1), it
has been assumed that the added mass d Pms and the mainstream mix
completely and instantaneously to produce a stream with uniform
properties at the exit of the elemental control volume. An exami-
nation of Eq. (5) shows that the expressions for the source terms
do not contain derivatives of � ow variables. When such derivatives
are present in the source terms, they change the Jacobian matrix,
i.e., see Eq. (7). In this study, the sources ±Q=dx and d Pms =dx are
speci� ed and do not involve derivatives of � ow variables.

B. Roe’s Approximate Linearized Riemann Solver
This section brie� y introduces the notation for Roe’s Riemann

solver for the one-dimensionalEuler equationswith no source terms
to provide the background needed for modifying Roe’s solver in
the presence of source terms. The Euler equations for an inviscid,
compressible gas � ow in the absence of source terms are given by

Ut C Fx D 0 .6/

Equation (6) can be rewritten as

Ut C AUx D 0 .7/

where A D @F=@U is the Jacobian matrix.
Equation (7) can be solved following Roe,1 who developed a

solution for the following equation:

Ut C ÃUx D 0 .8/

where QA is a matrix constructed from the pair of states UL and UR ,
which are located on the left and right sides of the interface under
consideration, respectively. The requirements to be satis� ed by QA
are described in Ref. 1. The most crucial of these requirements is
that QA satisfy

1F D QA1U D QA.UR ¡ UL / D
k

Q®k
Q̧

k ek .9/

where Q®k , Q̧
k , and fek g are the strength of the kth wave, the kth

eigenvalue of QA, and the kth right eigenvector of QA, respectively.
The following expressions for these quantities are given by Roe9:

e1 D f1; Qu ¡ Qa; QH ¡ Qu QagT (10a)

e2 D f1; Qu; Qu2=2gT (10b)

e3 D f1; Qu C Qa; QH C Qu QagT (10c)

Q̧
1 D Qu ¡ Qa (11a)

Q̧
2 D Qu (11b)

Q̧
3 D Qu C Qa (11c)

Q®1 D .1=2 Qa2/.dp ¡ Q½ Qa du/ (12a)

Q®2 D .1=Qa2/. Qa2 d½ ¡ dp/ (12b)

Q®3 D .1=2 Qa2/.dp C Q½ Qa du/ (12c)

where H D .e C p/=½ is the stagnation enthalpy per unit mass
and dp, for example, denotes pR ¡ pL . The quantities with a tilde

describe an average state obtained from UL and UR and are given
by the following expressions:

Q½ D
p

½L ½R (13)

Qu D
p

½LuL C p
½R uRp

½L C p
½R

(14)

QH D
p

½L HL C p
½R HRp

½L C p
½R

(15)

Qa2 D .° ¡ 1/ H ¡
Qu2

2
(16)

C. Effect of Source Terms
To understand the physical signi� cance of appropriatelymodify-

ing the wave strengths, consider the case of heat addition (due to
combustion, for example) in a one-dimensionalgas � ow. Following
Strehlow’s derivation,14 the momentum and energy equations are

½
@u

@t
C ½u

@u

@x
C @p

@x
D 0 (17)

@p

@t
C ½a2 @u

@x
C u

@p

@x
D .° ¡ 1/ Pqv (18)

where Pqv is the heat additionper unit volume per unit time. In terms
of ±Q,

Pqv D ½u
±Q

dx
.19/

Multiplying Eq. (17) by the speed of sound a and adding and sub-
tracting the resulting equation from Eq. (18) yields the following
two equations:

@p

@t
C .u § a/

@p

@x
§ ½a

@u

@t
C .u § a/

@u

@x
D .° ¡ 1/ Pqv .20/

where the equations with the C and ¡ signs describe relationships
that are valid along the right and left running Mach waves, respec-
tively.

In the absenceof heat addition, i.e., when Pqv D 0, the total deriva-
tive of pressurealong a Mach wave, i.e., the � rst term in parenthesis
in Eq. (20), is balanced by the product of the corresponding total
derivativeof velocity,i.e., the secondterm in parenthesisin Eq. (20),
and the characteristic impedance of the medium ½a. However, the
presence of heat addition changes the local relationships between
the total pressure and velocity derivatives along the Mach waves.
Consequently, the de� nitions of the strengths of the left and right
running Mach waves and the entropy wave must be appropriately
modi� ed to properly incorporate the effect of heat addition.

The relationship that must be satis� ed along the path line can
be obtained by substituting the relationship ½@u=@x D ¡D½=Dt
(obtained from the continuity equation) into Eq. (18) to obtain

D p

Dt
¡ a2 D½

Dt
D .° ¡ 1/ Pqv .21/

Equation (21) shows that in the presence of a heat source changes
along the pathline are not isentropic.

To develop the expressions for wave strengths in the presence of
heat addition, we make use of compatibility relations. Compatibil-
ity relations describe the relationship between the total differential
changes of different quantities along the characteristics for a gen-
eral unsteady � ow. We � rst demonstrate the connection between
compatibility relations and wave strengths in the absence of source
terms, and subsequently,we use this connectionfor the development
of expressions for the wave strengths that account for the presence
of heat addition.

In the absence of source terms, the compatibility relation-
ship along the left running Mach wave, i.e., along the path
dt D dx=.u ¡ a/, for an unsteady� ow can be obtained by choosing
the negative sign in Eq. (20) and setting Pqv to zero. This yields

@p

@t
C .u ¡ a/

@p

@x
¡ ½a

@u

@t
C .u ¡ a/

@u

@x
D 0 .22/
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which, after multiplying by dt , can be symbolically written as

dp¡ ¡ ½a du¡ D 0 .23/

where dp¡ and du¡ are the total differentialchangesin pressureand
velocity, respectively, along the left running Mach wave.

Though the left-hand side of Eq. (23) is of the same form as the
wave strength Q®1 [see Eq. (12a)], the dp in Eq. (12a) denotes the
change in pressure along x whereas the dp¡ in Eq. (23) denotes
the total differentialchange in pressure along the left runningMach
wave. To compare Eq. (23) with Eq. (12a), we restrict our attention
to steady state. At steady state, the total differential of any variable
e.g., du D .@u=@x/ dx C .@u=@t/ dt , along any characteristic, i.e.,
for dt D dx=.u ¡ a/, dx=u or dx=.u C a/, reduces to its variation
along x . Hence, at steady state, the compatibility relation given by
Eq. (23) reduces to

dp ¡ ½a du D 0 .24/

Comparing Eq. (24) with Eq. (12a), we see that the wave strength
Q®1 goes to zero at steady state. Multiplying the left-hand side of
Eq. (24) by the factor 1=2a2 and replacing the local variables ½
and a with the Roe-averagedvalues Q½ and Qa, respectively,yields Q®1

[see Eq. (12a)]. Similarly, when the compatibility relations along
the path line and the right running Mach wave are written in a
homogeneous form, the left-hand sides yield the wave strengths Q®2

and Q®3, respectively (apart from a multiplying factor).
By extending this approach to the case where heat addition is

present, one could obtain the wave strengths from the compatibility
relations for a � ow with heat addition. We demonstrate this deriva-
tion by repeating the derivation of the compatibility relation along
the left running Mach wave including the effect of heat addition,
starting from Eq. (20). Substituting Eq. (19) into Eq. (20), choos-
ing the negative sign for the left running Mach wave, and assuming
steady state, we obtain

.u ¡ a/
dp

dx
¡ ½a.u ¡ a/

du

dx
D .° ¡ 1/½u

±Q

dx
.25a/

or

dp ¡ ½a du ¡ .° ¡ 1/½u±Q

u ¡ a
D 0 .25b/

which is the compatibilityrelationalong the left runningMach wave
in the presence of heat addition, written in homogeneous form. Us-
ing this compatibility relation, the modi� ed wave strength Q®1in the
presence of heat addition is chosen as

Q®1 D 1

2 Qa2
dp ¡ Q½ Qa du ¡ .° ¡ 1/ Q½ Qu±Q

Qu ¡ Qa
.26/

to ensure that Eq. (26) reduces to Eq. (12a) when there is no heat
addition.

The additional term ¡.° ¡ 1/½u±Q=.u ¡ a/ in the compatibility
relationshipdue to the presenceof heat addition [compare Eqs. (24)
and (25b)] can be split into two parts that yield the effect of heat
addition on dp and du separately, at steady state; that is, Eq. (25b)
can be rewritten as

dp ¡ .° ¡ 1/½u2±Q

u2 ¡ a2
¡ ½a du C .° ¡ 1/u±Q

u2 ¡ a2
D 0 .27/

with both the terms in parenthesis individually going to zero.
The form of Eq. (27) is directly related to the conceptof in� uence

coef� cients. In compressible � ow theory, the in� uence coef� cients
describe the effect of source terms on the variation of � ow prop-
erties at steady state. In fact, the terms .° ¡ 1/½u2±Q=.u2 ¡ a2/
and .° ¡ 1/u±Q=.u2 ¡ a2/ in Eq. (27) were obtained from the in-
� uence coef� cients that yield the effect of the driving potential (or
forcing function) dT0=T0 (note that ±Q D dH D C p dT0 where C p

and T0 are the speci� c heat at constant pressure and the stagnation
temperature, respectively) on dp=p and du=u, respectively,12;13 for
a perfectgas � ow. Thus, for incorporatingthe effect of a source term
in the compatibility relations, instead of a derivation starting from
the governing equations with that source term, one could use the
in� uence coef� cients for that source term. The latter approach is

particularlyuseful in incorporatingcorrections due to source terms
in multidimensional� ows (discussed in Sec. III.B).

Once the appropriate wave strengths in the presence of source
terms are known, the interface� ux can be computed correctly,using
the following equation9:

Fi C 1
2

D 1
2

FL C FR ¡
k

Q®k jQ̧ k jek .28/

Note that at steady state, because the Q®k go to zero, the numerical
� ux Fi C 1

2
equals the average of the left and right � uxes, thus re-

presenting the physical � ux at the interface.

D. Source Term Discretization
The discretized form of the source term is denoted as gi .S/. For

example, if the scheme is explicit with � rst-order accuracy in time,
Eq. (1) is discretized as

.AU/n C 1
i ¡ .AU/n

i

1t
C

.AF/n
i C 1

2
¡ .AF/n

i ¡ 1
2

1x
D gi .S/ .29/

where the superscript indicates the time level. It is not appropriate
to choose the function gi .S/ as Si because this can result in spurious
numericalwaves.4 The functiongi .S/ is chosenas the weightedsum
of the source vector at cell i and at neighboring cells.

Equation (29) shows that the state vector at cell i is updatedusing
the interface � uxes at the i C 1

2 and i ¡ 1
2 locations, whereas Eq.

(28) shows that the interface � ux depends on, other than the term

k

Q®k jQ̧ k jek

the � uxes to the left and right sides of the concerned interface with
equal weight. Based on these observations, the function gi .S/ is
constructed in a manner that produces an algorithm in which both
the sourceand� uxvectorsof a cell in� uencetheupdatingof the state
vector (of the same or different cells) with the same weight. This
requirement is appropriate because each physical cell has a source
and � ux vector associatedwith it. This requirement is satis� ed [see
Eqs. (28) and (29)] by the following expression:

gi .S/ D 1
4

.SL /i ¡ 1
2

C .SR/i ¡ 1
2

C .SL/i C 1
2

C .SR /i C 1
2

.30/

If the scheme is � rst-order accurate in space, .UL /i C 1
2

D Ui and
.UR /i C 1

2
D Ui C 1 . Consequently,Eq. (30) becomes

gi .S/ D 1
4 .Si ¡ 1 C 2Si C Si C 1/ .31/

Equation (31) may not appear as an upwind-type discretization
because we make use of Si ¡ 1, Si , and Si C 1 to update properties at
cell i irrespective of the signs of the eigenvalues. However, we ac-
count for source terms in Roe’s solvernot only by choosinga partic-
ular discretizationof the source term but by also modifyingthe wave
strengthsused to computethe numerical� uxes.These two modi� ca-
tions togetherconstituteanupwind-basedtreatmentof source terms.
In fact, the discretization for the source term in Eq. (31) along with
the appropriatemodi� cations in the wave strengths is equivalent to
a � rst-order scheme obtained by projecting the source terms along
the eigenvectors and using upwinding,10 as suggested by Roe.11

The accuracyof computing the gradientof the � uxes, i.e., .AF/x ,
couldbe increasedup to thirdorder followingthe MUSCL approach
of Van Leer,15 where UL and UR are computed by the following ex-
pressions:

.UL /i C 1
2

D Ui C 1
4 [.1 ¡ ·/rUi C .1 C ·/1Ui ] (32)

.UR/i C 1
2

D UiC1 ¡ 1
4 [.1 ¡ ·/1Ui C 1 C .1 C ·/rUi C 1] (33)

where rUi D Ui ¡ Ui ¡ 1; 1Ui D Ui C 1 ¡ Ui , and · is a param-
eter that determines the spatial accuracy of the scheme. A third-
order scheme is obtained when · equals 1

3 . For a scheme with � rst-
order accuracy in space, the properties are assumed to be constant
within each computationalcell, i.e., piecewise constantdistribution.
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In contrast, the MUSCL interpolationfor obtaininghigher-orderac-
curacy in space involves assumption of linear or quadratic variation
of properties within each cell. For simplicity, we do not consider
the use of limiters, which limit the slope of variation of proper-
ties within a cell to prevent the numerical generationof oscillations
around discontinuities.It is proposedto evaluatethe sourcevectorat
the interfaceusing the same interpolationthat was used to obtain the
state vector at the interface [see Eqs. (32) and (33)]. In other words,
for a scheme with higher-order spatial accuracy, we use the same
linear or quadratic approximation for variation of the source term
within the computational cell as assumed for the local properties.
Using the relationshipsgiven by Eqs. (32) and (33) in Eq. (30) and
simplifying,we obtain

gi .S/ D 1
4 .Si ¡ 1 C 2Si C Si C 1/ C 1

16 .1 ¡ ·/.¡Si ¡ 2 C 2Si ¡ Si C 2/

.34/

Q®1 D 1

2 Qa2
dp ¡ Q½ Qa du C 1

. Qu ¡ Qa/

Q½ Qu Qa2 dA
QA

¡ [.° ¡ 1/ Qu C Qa]
Q½ Quj Quj

2

4 f dx
QDe

¡ .° ¡ 1/ Q½ Qu±Q

¡d Pms

QA
f Qu.1 ¡ y/[.° ¡ 1/ Qu C Qa] C Qa2 ¡ .° ¡ 1/. QH ¡ Hs/g

(43a)

Q®2 D 1
Qa2

Qa2 d½ ¡ dp C .° ¡ 1/ Q½±Q C
Q½ Quj Quj

2
4 f dx

QDe

C d Pms

Qu QA
Qu2.1 ¡ y/ ¡ . QH ¡ Hs/ (43b)

Q®3 D 1
2 Qa2

dp C Q½ Qa du C 1
. Qu C Qa/

Q½ Qu Qa2 dA
QA

¡ [.° ¡ 1/ Qu ¡ Qa]
Q½ Quj Quj

2
4 f dx

QDe

¡ .° ¡ 1/ Q½ Qu±Q

¡
d Pms

QA
f Qu.1 ¡ y/[.° ¡ 1/ Qu ¡ Qa] C Qa2 ¡ .° ¡ 1/. QH ¡ Hs/g

(43c)

For · D 1
3 , i.e., for a third-order accurate scheme, Eq. (34) yields

gi .S/ D 1
24 .¡Si ¡ 2 C 6 Si ¡ 1 C 14 Si C 6 Si C 1 ¡ Si C 2/ .35/

Other approaches for the treatment of source terms in a higher-
order numerical scheme have been investigated by Ali and Kassar5

and Glaister16 for a scalar hyperbolic conservation law.

III. Treatment of Source Terms for Generalized
Quasi-One-Dimensional Flow

A. Wave Strengths
Here we address the issue of modi� cation of the wave strengths

for a quasi-one-dimensional � ow governed by Eq. (1). The correct
relationshipsbetween the differentialchanges in the � ow properties
are given by the compatibility relations in the theory of charac-
teristics. Thus, the strengths of the entropy wave and the left and
right runningacousticwaves couldbe obtained from the appropriate
compatibilityrelations.The compatibilityrelationsfor a generalized
quasi-one-dimensional � ow are12

dp ¡ a2 d½ D Ã dt .36/

along the path line,

dp ¡ ½a du D ¡
½ua2

A

dA

dx
C a2" ¡ a¯ C Ã dt .37/

along the left running Mach wave, and

dp C ½a du D ¡ ½ua2

A

dA

dx
C a2" C a¯ C Ã dt .38/

along the right running Mach wave, where

" D
1
A

d Pms

dx
(39)

¯ D ¡ ½ujuj
2

4 f

De

C
u.1 ¡ y/

A

d Pms

dx
(40)

Ã D .° ¡ 1/ ½u
±Q

dx
¡ dHs ¡ u¯ (41)

dHs D
[H ¡ Hs]

A

d Pms

dx
(42)

and y equals usx=u, the ratio of the x component of the secondary
stream velocity to the velocity of the mainstream.

Based on the discussion in Sec. II.C, we must obtain expressions
for the wave strengths that will be applicable for the � ow described
by Eq. (1). This is accomplished by � rst multiplying Eq. (36) by
¡1=Qa2 and Eqs. (37) and (38) by 1

2
Qa2. This step is needed to re-

cover the wave strengths in the absence of source terms, i.e., see
Eqs. (12a–12c). Next, the expressions for "; ¯; Ã , and dHs are sub-
stituted into Eqs. (36–38) and dt is replaced by dx= Qu; dx=. Qu ¡ Qa/,
and dx=. Qu C Qa/ in Eqs. (36), (37), and (38), respectively. This is
needed to account for the different paths along which Eqs. (36–38)
are valid. Finally, the resulting equations are rewritten in a homo-
geneous form, whose left-hand sides are the de� nitions of the ®k

(without the tildes). This procedure yields the following expres-
sions for the wave strengths in the presence of the source terms
given in Eq. (5):

where the quantities QA, f; QDe; ±Q; d Pm s; y, and Hs describe values
at the interface (see the discussion in the next section).

B. Some Observations
The modi� cations in the wave strengths suggested by Roe9 for

the case where area variation is the only source term can be obtained
from Eqs. (43a–43c) by setting all other source terms to zero. For
this case, the products Q®k

Q̧
k are given by

Q®1
Q̧

1 D
Qu ¡ Qa
2 Qa2

.dp ¡ Q½ Qa du/ C
Q½ Qu
2

dA
QA

(44a)

Q®2
Q̧

2 D . Qu=Qa2/. Qa2 d½ ¡ dp/ (44b)

Q®3
Q̧

3 D
Qu C Qa
2 Qa2

.dp C Q½ Qa du/
Q½ Qu
2

dA
QA

(44c)

and represent the � uctuations11 in the solution due to each of the
three waves. The physics of the problem requires that a sonic � ow
in a variable area duct is stable only when it occurs in a region
where dA=dx D 0. Hence, when an eigenvalue, e.g., Qu ¡ Qa in Eq.
(44a), becomes zero, then the second term in the expression for
Q®1

Q̧
1 , i.e., Q½ Qu dA=.2 QA/, also goes to zero. This ensures that there

is no discontinuous switching11 of the effect of the source term
upon .AU/n C 1

i ¡.AU/n
i when an eigenvaluechanges sign. Whether

this is also true for other source terms (an issue raised by Roe11 )
can be determined through our approach of modifying the wave
strengths by the use of appropriate compatibility relations. As an
example, consider the effect of mass addition in the neighborhood
of a sonic � ow based on steady-stateone-dimensionalcompressible
� ow theory. Mass addition causes the Mach number to increase for
a subsonic � ow and to decrease for a supersonic � ow. No further
mass additionis possibleafter the mainstream� owchokesat a Mach
number of unity without altering the upstream conditions. Similar
behavior is exhibited in the case of heat addition and friction. The
singular nature of the de� nitions of the strengths of the waves at
Qu D §Qa re� ects this feature. Thus, as discussed by Roe9 for the
case with area variation, when Qu D Qa (or ¡Qa), a stable solution
exists only when the coef� cient of the 1=. Qu C Qa/ [or 1=. Qu ¡ Qa/] term
goes to zero [see Eqs. (43a–43c)].
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Singularitiesexist in the de� nition of Q®k , e.g., Q®1 has a singularity
at Qu D Qa [see Eq. (43a)], but not in the product

k

Q®k j Q̧ k jek

Hence, instead of separately computing Q®k; j Q̧ k j, and ek , and then
computing their product, analytically computed17 expressions for

k

Q®k j Q̧ k jek

can be used to avoid dealing with singularities.
In the absenceof source terms, the strengths of the waves, i.e., Q®k

[see Eqs. (12a–12c)], can be obtained as the elements of T ¡11U,
where T is the matrix whose columns are the ek , e.g., see Ref. 18.
However, in the presence of source terms, the Q®k differ from the
elements of T ¡11U because Q®k are dependent on the source terms,
whereas the elements of T ¡11U are not. Similarly, the expression

k

Q®k
Q̧

k ek

i.e., see Eq. (9), represents not just the � ux difference between the
two states FL and FR , but also contains the effect of the source
terms. In fact, for a � ow without discontinuities (here, the Roe-
averaged state approaches the physical state at the cell interface),
simpli� cation of the equation

k

Q®k
Q̧

k ek D 0

yields the following steady-statecontinuity,momentum, and energy
equations:

d.½u A/ ¡ d Pms D 0 (45a)

dp C ½u du C
½ujuj

2

4 f dx

De
C u.1 ¡ y/

d Pms

A
D 0 (45b)

½u dH ¡ ½u±Q C .H ¡ Hs/
d Pms

A
D 0 (45c)

which are equivalentto Eq. (1) in steady state and describethe effect
of source terms on the steady-state variation of the � ow properties.
If appropriatelyde� ned, the Q®k and, thus,

k

Q®k
Q̧

k ek

go to zero if steady state is attained and the numerical solution
satis� es Eqs. (45a–45c) as expected. In this case, Eqs. (28) and (29)
become

.AF/i C 1 ¡ .AF/i ¡ 1

21x
D 1

4
.Si ¡ 1 C 2Si C Si C 1/ .46/

for a � rst-order scheme. This represents the conservationrelationat
steadystate for a controlvolumewhoseboundariesare themidpoints
of cells i ¡ 1 and i C 1.

For a � ow with large gradients, the � rst row in

k

Q®k
Q̧

k ek D 0

is valid at steady state only when QA is de� ned as

QA D
p

½L AL C p
½R ARp

½L C p
½R

.47/

In this case, the hydraulic diameter QDe can be obtained from QA.
The values for ±Q; y, and Hs can be chosen based on the average
values for the source terms at the interface, e.g., ±Q is chosen as
.±Q i C ±Q iC1/=2 at the i C 1

2 interface.
Roe’s approximate solver was applied in the solution of the � ow

of real gases by Grossman and Walters,18 Glaister,19 and Vinokur
and Montagne.20 The forms of the wave strengths for a real gas are
the same as those for a perfect gas.18;20 The fact that a real gas is

consideredbringsin complicationsonly in theway theRoe-averaged
state is de� ned, e.g., the de� nition of the speed of sound. Thus, one
could modify the wave strengthsas suggested in this work to extend
Roe scheme to real gases as well.

In the work by Grossman and Cinella,17 which applied Roe’s
solver to nonequilibrium� ows, the enthalpyof formationis included
in the total enthalpy of the gas, thus eliminating the presence of an
explicit heat source term due to chemical reactions in the energy
equation. The effect of the modi� ed wave strengths has also been
considered.In contrast,the formulationprovidedin thepresentstudy
is applicable to situationswhere there is a need to properly account
for the explicit presence of heat sources such as those produced by
combustion processes (in different formulations) and radiative heat
transfer. It is also applicable for energy addition by a secondary
� ow whose temperature does not equal that of the mainstream, e.g.,
transpirationcooling.

Modi� cations in Roe’s scheme for multidimensional � ows with
sources can also be performed in a manner similar to the suggested
modi� cations for the quasi-one-dimensional � ow. In Sec. II.C, it
was shown that the presence of source terms could be accounted
for by using appropriate in� uence coef� cients to obtain the effect
of the source term on the differential changes in � ow variables,
e.g., see Eqs. (25b) and (27). This approach could also be applied
in a multidimensional � ow by using a convenient formulation20

of the numerical � ux at an interface in terms of the average � ux
and the differential changes in the � ow variables. In addition to
the mentioned modi� cation, the issue of source term discretization
should also be considered.

IV. Numerical Examples
This section provides three examples that demonstrate the need

for the proposedmodi� cationswhen using an explicitscheme that is
� rst-order accurate in time and space. The suggested discretization
of the source term is also studied for a third-order accurate scheme.

The � rst example considers a one-dimensional� ow in a constant
area duct with constant heat addition per unit mass along a section
of the duct of length . 1

5 / Ld , where Ld is the duct length. The center
of the heat addition region coincideswith the centerof the duct.The
boundary conditions require that the inlet mass and enthalpy � uxes
be constant and that the pressureat the open downstreamend of the
duct equal the ambient pressure. The requirements at the inlet can
be attained by choking the incoming � ow.

The implementation of the boundary conditions is based on the
methodof characteristics.21 In this, the amplitudesof the three char-
acteristicwaves L1; L2 , and L3 that are associatedwith the eigenval-
ues u ¡a; u, and u Ca, respectively,are computed at the boundaries
using a one-dimensionalanalysis. They are given by the following
equations:

L1 D .u ¡ a/
@p

@x
¡ ½a

@u

@x
(48a)

L2 D u a2 @½

@x
¡ @p

@x
(48b)

L3 D .u C a/
@p

@x
C ½a

@u

@x
(48c)

Because there is no heat addition near the boundary, computing
the amplitudesof the characteristicwaves does not requireany mod-
i� cation. If heat addition exists at the boundary, the amplitudes of
the characteristic waves would have to be derived by considering
the effect of this source term. This issue is discussed in our sec-
ond example, which accounts for the presence of friction and area
variation at the boundary.

The lengthof the duct in the � rst example is 0.1 m. Solutionswere
obtained for 100 and 200 grid points. For the initial conditions, the
pressure, temperature,and mass � ux per unit area were speci� ed as
105 Pa, 298 K, and 10 Kg/m2 s, respectively,throughoutthe duct. In
the absence of heat addition, the initial conditionsdescribe a steady
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Fig. 2 Steady-state mass � ux variations along the duct in the presence
of a heat source, computed with and without source term corrections.

� ow within the duct. At t D 0, the following heat addition process
is introduced:

±Q D

0; 0 · x=Ld < 0:4

Cp1T0
dx

l
; 0:4 · x=Ld < 0:6

0; 0:6 · x=Ld · 1:0

.49/

where C p D1004.5 J/Kg K (chosen as a constant, correspondingto
the value for air), 1T0 D 1900 K (chosen as the value for stoichio-
metric combustion of methane in air), and l are the speci� c heat
at constant pressure, the increase in stagnation temperature caused
due to heat addition, and the length of the region of heat addition,
respectively.

To demonstrate the need to properly account for the effect of the
source terms, the unsteady conservation equations were solved to
determine the (� nal) steady � ow within the duct. These solutions
were obtained with and without the proposed modi� cations for the
wave strengths and the source term discretization. The results are
compared in Fig. 2. It shows that, in the absence of any corrections
for the heat addition source term, the solutionpredictsan unrealistic
“de� cit” in mass � ux in the heat addition region. The dependence
of the error in mass � ux on the grid resolution is shown in Fig. 2
by increasing the number of grid points from 100 to 200. The maxi-
mum percentagedeviations from the correct steady-state mass � ux
are 10.7 and 6.3 for computations with 100 and 200 grid points,
respectively.

If the Q®k [these are used to calculate the interface � ux in Eq. (28)]
are computed without considering the presence of the heat addition
source term, they do not go to zero when steady state is reached.
This causes the physical � ux to differ from the numerical � ux in
steady state. [The physical and numerical � uxes differ by the term

1

2
k

Q®k j Q̧ k jek

that should go to zero in steady state.] In contrast, a correct solution
is obtained using the approach developed in this paper [involving
modi� cations in Q®k and gi .S/; see Fig. 2]. In this case, the Q®k go to
zeroat steadystate (becausethe Q®k were appropriatelyde� ned taking
heat addition into consideration), and there is no deviation between
the numerical and the physical � uxes. The mass � ux throughoutthe
tube is constant at steady state as it should be.

The effects of absence of corrections in the computation of
the wave strengths Q®k and in the choice of the source term dis-
cretization gi .S/ are also shown individually in Fig. 2. For the
case involving corrections only in wave strengths but not in the
source term discretization, Fig. 2 shows that errors occur in the

mass � ux distribution only at the boundaries of the region of
heat addition. This is because the discretizations gi .S/ D Si and
gi .S/ D .Si¡1 C 2Si C SiC1/=4 are equivalent if Si¡1 , Si , and SiC1

are equal, which, in the presentexample, is valid everywhereexcept
at the boundaries of the region of heat addition.

The mass � ux distribution for the case with correction only for
the source term discretization but not the wave strengths is similar
to that for the case with no corrections.

The expected constant distribution of mass � ux at steady state is
obtained when corrections are included for the wave strengths and
for the source term discretization (see Fig. 2).

Because the scheme used in the preceding example is � rst-order
accurate in space, the function gi .S/ was calculatedusing Eq. (31).
In addition, the function gi .S/ in Eq. (35) was used in a scheme
that is third-order accurate in space and � rst-order accurate in time.
Although, in general, an explicit scheme involvinghigher-orderac-
curacy in space and � rst-order accuracy in time may involve weak
instability,22 ;23 in thepresentcase,convergenceto thecorrectsteady-
state solution was observed. This computation with third-order ac-
curacy in space also predicted a constant steady-state mass � ux
distribution along the duct in the presence of heat addition. If gi .S/
is not chosen as discussed, a uniform mass � ux distribution is not
obtained in steady state.

The second example in this paper shows that the developed nu-
merical approach properly accounts for the effects of source terms
due to area change and friction by solving for the steady-state � ow
in a diverging conical duct. The diameter at the entry of the conical
duct and the length of the duct are 0.01 and 0.5 m, respectively.The
angle of the conical section was chosen to obtain a constant Mach
number of 0.8 along the duct when the � ow is steady. That is,13

dM

dx
D

Mf1 C [.° ¡ 1/=2]M2g
1 ¡ M 2

¡
1
A

dA

dx
C

° M2

2

4 f

De
D 0

.50/

In this example,thevaluesof f; ° , the angleof theconicalsection,
the exit pressure, and the steady-state temperature (which is cons-
tant in space) equaled 0.05, 1.4, 1.3 deg, 105 Pa, and 298 K, respec-
tively.

For initial conditions, the correct steady-state values were pre-
scribed at the inlet and exit, and linear interpolation was used to
obtain the � ow variables at the intermediate points. The boundary
conditions on both sides were the same as in the � rst example.

The Lk (where k D 1, 2, or 3, as for the Q®k ) in Eqs. (48a–48c)
are valid for a one-dimensional � ow with no source terms. In this
example, the friction and area variationsource terms are non-zeroat
the boundaries.To be consistent in our effort to use the appropriate
compatibility relations in the presence of source terms (this issue
is equally applicable to the Q®k and L k ), Eqs. (48a–48c) had to be
modi� ed to account for the presence of source terms.

The L k can be obtained from the Q®k because of the following
similarities between them: 1) the de� nitions of both the Q®k and L k

originate from the compatibility relations and 2) both go to zero
in steady state. To see how the L k can be obtained from the Q®k ,
it should be � rst noted that, because the differentials, e.g., dp, in
Eqs. (12a–12c) representthedifferencebetweenthe left and the right
states of an interface,dividing them by dx yields a partial derivative
with respect to x . Multiplying Eqs. (12a–12c) (after omitting the
tildes) by 2a2.u ¡ a/=dx , a2u=dx , and 2a2.u C a/=dx (note that
u ¡a; u, and u Ca are the eigenvaluescorrespondingto L1; L2 , and
L3), respectively, yields the expressions for Lk in Eqs. (48a–48c).

Similarly, to accountfor the effectof frictionand area variationon
the Lk , the appropriate Q®k [which are obtained by neglecting terms
associatedwith heat and mass additions in Eqs. (43a–43c)] must be
used. This yields

L1 D .u ¡ a/
@p

@x
¡ ½a

@u

@x
C ½ua2

A

dA

dx

¡ f.° ¡ 1/u C ag ½ujuj
2

4 f

De

(51a)
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Fig. 3 Steady-state Mach number variation along the conical duct in
the presence of friction calculated with and without source term correc-
tions.

L2 D u a2 @½

@x
¡ @p

@x
C .° ¡ 1/u

½ujuj
2

4 f

De

(51b)

L3 D .u C a/
@p

@x
C ½a

@u

@x
C ½ua2

A

dA

dx

¡ f.° ¡ 1/u ¡ ag ½ujuj
2

4 f

De

(51c)

Note that these modi� cations are obtainedbased on the theory of
characteristics,which is used in the analysisof inviscid� ows. As far
as the compatibilityrelationsand their modi� cations are concerned,
for viscous � ows an inviscid approximation21 could be used.

Solutionshavebeenobtainedwith andwithout the proposedmod-
i� cations for the Q®k ; Lk , and gi .S/. Figure 3 shows the effects of the
different modi� cations on the steady-state Mach number distribu-
tion computed along the duct using 50 grid points. In contrast to the
� rst example, where heat addition source term varies rapidly at the
boundaries of the region of heat addition, in the present example,
the source terms due to area variation and friction vary smoothly
throughout the duct. Consequently, the discretizations gi .S/ D Si

and gi .S/ D .Si¡1 C 2Si C SiC1/=4 yield approximately the same
results, and hence the effect of source term discretization is not
shown individually in Fig. 3. For cases that involve no modi� ca-
tions for L k , i.e., when Eqs. (48a–48c) are used, jumps occur in the
Mach number distribution at the boundaries, whereas such jumps
are absent when the L k are corrected as discussed and computed
using Eqs. (51a–51c).

The Mach number distributionsfor the case corresponding to no
corrections in ®k and for the case with no corrections in Lk ; ®k and
gi .S/ differ mainly at the boundaries. For the latter case, the error,
which is taken as the difference between the maximum and mini-
mum values in the Mach number distribution, is 5.6% of the correct
steady-state Mach number, i.e., 0.8. When all of the corrections
are included, the predicted Mach number distribution is constant as
expected.

Finally, we look at an example involving unsteady � ow caused
by mass addition.24 Under certain conditions, it is possible to obtain
an exact analytical solution for this problem. Consider a constant
area duct of length Ld . The governing equations are

A[Ut C Fx ] D S .52/

where

S D d Pms

dx
; u

d Pms

dx
; H

d Pms

dx

T

.53/

This corresponds to secondarymass addition along the mainstream
such that the velocity and stagnation enthalpy of the secondary
stream equal the corresponding local properties in the mainstream.

Fig. 4 Velocity variation along the duct with and without source term
corrections and the exact solution for velocity at t = 2 £ £ 10¡ 4s (case A)
and t = 5:5 £ £ 10¡ 4 s (case B).

To obtain the wave strengthsfor this case,we neglect the effect of all
source terms except mass addition and substitute y. Dusx =u/ D 1;
QH D Hs , in Eqs. (43a–43c), which yields

Q®1 D 1

2 Qa2
dp ¡ Q½ Qa du ¡

Qa2 d Pms

. Qu ¡ Qa/ QA
(54a)

Q®2 D 1
Qa2

. Qa2 d½ ¡ dp/ (54b)

Q®3 D 1

2 Qa2
dp C Q½ Qa du ¡

Qa2 d Pms

. Qu C Qa/ QA
(54c)

At t D 0, the � uid in the duct is at rest with uniform properties.
For t > 0, the mass addition source term is described by

d Pms

dx
D

½GA=a; ¡Ld =2 < x < 0

0; 0 · x < Ld=2
.55/

where G is a constant because this choice allows us to obtain an
exact analytical solution for the problem.24 At t D tsh D 4a0=[.° C
1/ G] (where a0 is the speed of sound at t D 0), a shock occurs24

in the region x > 0. For t < tsh, the � ow� eld is isentropic, and the
exact solution can be analytically obtained. The properties at the
boundaries are speci� ed as constant because the chosen total time
of integration is shorter than the time required for disturbances to
reach the boundaries.

At t D 0, the pressure, temperature, and velocity are chosen as
105 Pa, 298 K, and 0.0 m/s throughout the duct, which is of unit
length and cross-sectionalarea. The mass additionparameter G and
the Courant–Friedrichs–Lewy number are chosen as 1 £ 106 m/s2

and 0.98, respectively,and 50 grid points are used.For our choiceof
a0 and G, a shock � rst occurs in the � ow� eld at tsh D 5:8 £ 10¡4s.
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The spatial variation of velocity obtained with and without the
suggested corrections to the wave strengths and source term dis-
cretization are compared with the exact solution for the velocity24

in Fig. 4. It shows that the corrected numerical solution is in better
agreement with the exact solution.

V. Conclusions
The need to appropriatelymodify the strengthsand amplitudesof

the characteristicwaves when source terms are present in the Euler
equations has been demonstrated. The appropriatediscretizationof
the source term has been presented. The developed approach of
using compatibility relations from the theory of characteristics to
account for source terms is not only applicable for Roe’s solver
but also for other issues such as characteristic-based treatment of
boundary conditions.
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